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Abstract. We consider a functional T on the space of convex bodies in R" of tiie form 

J^(A')= \ fiu)S„-iiK,du), 

where / e C(S""^ ) , is a convex body in R" , n > 3, and S„-i (K,-) is the area measure of K. 
We prove that if satisfies an inequality of Brunn-Minkowski type, then / is the support function 
of a convex body, i.e., is a mixed volume. As a consequence, we obtain a characterization of 
translation invariant, continuous valuations which are homogeneous of degree n - 1 and satisfy a 
Brunn-Minkowski type inequality. 



1. Introduction 

In this paper, we consider functionals T ■ /C" M on the space /C" of convex bodies in 
Euclidean space M", n > 2, of the following type: 

(I) T{K)^ f f{u)Sn-i{K,du), 

where / e C(S""^) is a (given) continuous function on the unit sphere S""^ of M", is a convex 
body (a non-empty, compact, convex subset of M") and Sn-iiK,-) is the area measure of K 
(we refer to the next section for definitions). Basic properties of area measures imply that such 
a functional is always translation invariant, continuous with respect to the Hausdorff metric and 
homogeneous of degree n-1 with respect to dilatations. The latter means that 

J^(si^) = s"~^J^(i^), Ke/C",s>0. 

Moreover, a functional T defined via ([Til is a valuation. The valuation property requires that 

T{K^ uKi)+ T{Ko n Ki) = J^{Ko) + T{Ki) 

holds for all Ko,Ki€ /C" such that u A"i e /C". 

Conversely, a result of McMullen (fSl) states that every continuous, translation invariant valua- 
tion, homogeneous of degree n - 1, is of the form (O. If / is the support function of some fixed 
convex body L, then ^ is a mixed volume. More precisely, according to common notation in the 
theory of convex bodies, we have 

T{K) = nV{K, K,...,K,L)^ nV{K[n - 1], L) , € /C"; 
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for the definition of mixed volumes we refer to ifTOl Cliapter 5]. In this case, T is non-negative 
and satisfies the following inequality of Brunn-Minkowski type (see HOl Theorem 6.4.3]): 

(2) ((1 - 0^0 + ti^i)^/^""^^ > (1 - t)J^(iro)^/^""^^ + tT^Kif'^'^-^'^ , 

for all Kq , Ki e /C" and t e [0, 1] (where the set addition is the usual Minkowski addition). Note 
that the exponent appearing in this inequality is the reciprocal of the order of homogeneity of T. 
Inequality (|2ll is a consequence of the Aleksandrov-Fenchel inequalities, which are among the 
deepest results in Convex Geometry. It belongs to the same family of inequalities as the classical 
Brunn-Minkowski inequality, which states that the volume raised to the power 1/n is a concave 
functional on /C". For further information on this topic, we refer the reader to the survey paper 
[61, which is entirely devoted to the Brunn-Minkowski inequality and its connections to various 
other branches of mathematics. 

More generally, we say that a functional Q : /C" M+, which is positively homogeneous of 
degree a (for simplicity, assume a * 0), satisfies an inequality of Brunn-Minkowski type, if 
is concave on /C" , that is 

g ((1 - t)Ko + m)"'' > (1 - t)g(Ko)'/" + tg{Kiy/" , 

for all Kq , Ki e /C" and t e [0, 1]. Examples of functionals sharing these properties arise in quite 
different contexts: they include a large number of geometric functionals, as well as important 
examples coming from different areas, like the Calculus of Variations (see, for instance, |2|). 
Understanding whether there are general conditions such that a given functional satisfies a Brunn- 
Minkowski type inequality is a fascinating problem, but maybe too ambitious. On the other hand, 
as a first step in this direction, one could try to answer the question in some restricted class of 
functionals, which is what we do in this paper by focusing on functionals of the form ([T]). 

Note that ^ becomes an equality in dimension n - 2, and in fact this is true for any choice of 
the function / e C(S^) (irrespective of whether it is a support function or not). Indeed, due to the 
relation 

Si(i^i + i^2,-)-Si(Ki,-) + Si(i^2,-), Ki,K2€lC\ 
in the Euclidean plane condition ^ is satisfied with equality for every / e C(S^). Hence the 
problem of characterizing / via inequality Q is reasonable for n > 3 only. In addition to Q, we 
also consider the weaker condition 

(3) Tai-t)Ko + m)> mm{T{Ko ) , -F(i^i ) } , 

for all Kq, Ki e /C" and t e [0, 1]. Condition ^ has the advantage of not requiring any a priori 
assumption on the sign of T. Obviously, if ^ > on /C" is such that (O holds, then T also satisfies 
©. 

The paper is devoted to proving that, /or n > 3, (O characterizes mixed volumes among func- 
tionals of type ([T]). 

Theorem 1.1. Let n>3 and f e C(S""^). Assume that the functional T defined as in ([7]) satisfies 
(121). Then f is the support function of a convex body. 

According to the result of McMuUen mentioned before, Theorem 1 1.1 1 can be rewritten in terms 
of valuations as follows. 
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Theorem 1.2. Let V be a continuous, translation invariant valuation on KT^, n > 3, which is 
homogeneous of degree n-1 and satisfies inequality ((21). Then there exists a convex body L e /C" 
such that 

V{K)^V{K[n-l],L) 

for all K 6 /C". 

The proof of Theorem I 1 . 1 [ proceeds by induction over the dimension. In the inductive procedure, 
the most difficult part is the initial step, i.e. the proof in the three-dimensional case, while the 
reduction to lower dimensions, carried out in Section IH is much easier. 

The proof of the three-dimensional case is presented in Section |3] Roughly speaking, we com- 
pute the second variation of the functional T, as a quadratic form on test functions. The Brunn- 
Minkowski inequality ^ implies that this is a negative semi-definite functional on a certain class 
of test functions. By a further specialization in the choice of the test functions, we obtain that the 
Hessian matrix of the homogeneous extension of order one of / is positive semi-definite, i.e. / is 
a support function. This argument was initially inspired by some ideas contained in IS and BJ, 
where the sign of the second variation of functionals satisfying inequalities of Brunn-Minkowski 
type was used to derive functional inequalities of Poincare type. 

Even though the idea upon which the proof is based is not too involved, to adapt it to the general 
situation in which / is just continuous, required several technical steps (contained in Section 1331 ). 
For this reason, we outline in Section [3^ the proof of Theorem 1 1.1 1 in the three-dimensional case 
under the additional assumption that / is sufficiently smooth, symmetric and positive. This should 
help the reader to identify the essence of the general argument. 

2. Preliminaries 

We work in the n-dimensional Euclidean space M", n > 2, endowed with the usual scalar 
product (•, •) and norm ||-||. We write i?" for the unit ball and denote by S""^ the unit sphere in 
W^. The unit sphere is endowed with the relative topology inherited from R". In particular, this 
applies to the interior or the boundary of a subset of the unit sphere. 

2.1. Convex bodies. Our general reference for the theory of convex bodies is the book flOl by 
Schneider, to which we refer for all properties of convex bodies mentioned in this section without 
proof. 

We denote by /C" the family of non-empty, compact, convex subsets (i.e. convex bodies) of W^. 
If K and L are convex bodies, the Minkowski sum (or vector sum) of K and L is 

K + L - {a + h\a ^ K , h i L} , 

which is again a convex body. The same holds for the dilatation of a convex body K hy & non- 
negative real s > 0, that is 

sK - {sa\a e K} . 

The support function Hk of a convex body K is denoted by hx '■ K and given by 

/li^(ii) = sup(a;, u), u € S""^ . 

x<lK 

We will sometimes write h instead of Hk, if K is clear from the context. If h is the support 
function of a convex body, then the 1 -homogeneous extension of h to M" is convex. Vice versa. 
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if H : -+ M is a 1 -homogeneous convex function, then its restriction to S" is the support 
function of a convex body. For all K,L € /C" and s, r > 0, we have 

hsK+rL = shx + rhi . 

As usual, W denotes the j-dimensional Hausdorff measure in M" (normalized as in Q; in par- 
ticular, Ti"' equals n-dimensional Lebesgue measure). For K e /C", let dK denote the topological 
boundary of K. For x e dK, we write Nor(K, x) for the normal cone of K at x. This non-empty, 
convex cone consists of all outer normal vectors to supporting half-spaces of K passing through 
X. Then we put nor(i^, x) Nor(K, x) n S""^ For oj c S"-i, let 

t{K,u)) :- {x 6 dK : noT{K, x) noj 0} 

be the set of all points x e dK such that there exists an outer unit normal vector to K at x 
contained in w. If K has non-empty interior and is a Borel subset of S""^, then t{K,u) is 
?^""^-measurable (see HOi §2.2]). In this case, the (surface) area measure of K can be defined by 

Sn-liK,Uj) n''-\T{K,u)) 

for every Borel set uj £ S""^. 

Let (•, •) denote the Riemannian metric of S"~^ induced from M", and let V denote the Levi- 
Civita connection. In the following, we consider local orthonormal frames of vector fields on 
generically denoted by {£'1, . . . , En-i}- For a function / e C^(S""^), we then write /j and fij, 
respectively, for the first and second covariant derivatives of / with respect to {£^1, . . . , En-i}, 
where i,j e {l,...,n-l}. As usual, 5ij is the Kronecker symbol, hence 6ij - {Ei,Ej) for 
i,je {!,..., n-1}. Observe that fi - V E^f - Ei{f). To provide an invariant definition for some 
of the relevant notions to be considered subsequently, we recall that the gradient V/ of / is the 
uniquely determined vector field on S""^ such that {Vf,X) - X{f), for all vector fields X on 
S""^. The Hessian form V^/ is then defined as the field of bilinear forms on the tangent spaces 
T„S""^ u € §"-1, of the unit sphere, which is determined by V^f{X,Y) = (Vx(V/),y), for 
all vector fields X,Y on S""^. For u e S""^, the Hessian V^/u is a symmetric bilinear form on 
Tu§"~^ and v'^f{Ei,Ej) - fij. Using the Riemannian metric, we can identify V^/ with a field 
of symmetric linear maps of the tangent spaces of S""^. 

For (p e C2(S""^), u e S""\ and i, j = 1, . . . , n - 1, we put 

qij{<f>,u) := <f>ij{u) + 6ij(f){u) , 

where the covariant derivatives are computed with respect to a local orthonormal frame (of vector 
fields), and 

All relevant quantities and conditions will be independent of the particular choice of a local or- 
thonormal frame in the following. For the sake of brevity, we sometimes omit the variable u and 
simply write qij{4>) or Q {(/)). 

A convex body K e /C" is said to be of class C^, if dK is of class and the Gauss curvature 
is strictly positive at each point of dK. If K is of class C|, then the Gauss map '■ dK 
S"~^, assigning to each point x € dK the outer unit normal to dK at x, is a diffeomorphism 
between dK and Moreover, the support function h - hx of K belongs to C^(S""^), 
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and the (n - 1) x (n - 1) matrix Q{h,u) is positive definite for every u e S""^. Conversely, if 
h e C^(§"~^) is such that Q{h,u) is positive definite (as usual, we then write Q{h,u) > 0), then 
h is the support function of a (uniquely determined) convex body of class C^. In the following, 
we consider the class of functions 

6 {/ie(72(S""^) -.Qih^u) >0 for every u e S"-^} , 

consisting of support functions of convex bodies of class (cf. |10. §2.5]). 
For K e /C" of class C^, the area measure of K admits the representation 

(4) Sn-i{K,uj)^ f dei{Q{h,u))je-^{du) 

for every '^""^-measurable set uj £ §""^. This representation is still valid for a convex body 
K with support function h e C^(r2) and any measurable set w c f), where Vl £ S""^ is open. 
This follows by an application of the coarea formula to the differentiable map r(i^', il), 
u grad h{u), where grad h is the Euclidean gradient of h, by observing that the Jacobian of this 
map is (5(/i) and '^""^-almost all boundary points of K have a unique exterior unit normal. 

2.2. The cofactor matrix and a Lemma of Cheng and Yau. Let A - (aij)f A; e N, be a real 
ky~k matrix. The determinant of A can be considered as a real- valued, polynomial function of the 
entries aij. For i, j = 1, we then define 

and hence we can describe the cofactor matrix C[j4] of A as 

C[^] = (c,,[^]). 

In the following, we will mainly consider symmetric matrices. The set of real, symmetric A; x A; 
matrices is denoted by Sk- It is easy to see that xi A^ S^, then also C[^] e S^- 

Remark 2.1. Consider A^ S2 given by 



A 

Then the cofactor matrix of A is 



a b 
b c 



In particular, for real 2x2 matrices A, B we have the useful linearity property 

C[A + B] = C[A\+C[B]. 

In the next remark, we summarize some further properties of the cofactor matrix that will be 
used later on. 

Remark 2.2. (i) If A is a real k x k matrix, then 

1 ^ 

det(^) = T E (^iAM<^ij ■ 
1^ 
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(ii) Let S2be given. Then C\_A\ is positive (semi-)definite if and only if A itself is positive 
(semi-)definite. 

A particularly useful feature of a matrix of type C[Q{4>)] is that for each row, that is for fixed 
i 6 {1, . . . , n - 1}, the sum of the covariant derivatives {cij[Q{h)]) j, for j = 1, . . . , n - 1, is zero. 
This fact was first observed and used by Cheng and Yau [1 , (4.3)]. (See Lemma 1 in [4] for an 
extension. Relation (4.11) in yj is also covered by Proposition 4, page 5-8, and Lemma 18, page 
7-45, in [11].) 

Lemma 2.1. Let h e C^(S""^). Let {Ei, . . . , En-i} be a local orthonormal frame of vector fields 
on S""^. Then, for i e {1, . . . , n - 1}, in the domain of the frame we have 

n-1 

E(c«i[Q(^)]),-o- 

Let h,tp,(j) € C'^(S""^) be given. We then define a vector field V on S""^ by 

V= (p^iCij[Q{h)]Ej, 

where {Ei, . . . ,£"„_!} is a local orthonormal frame of vector fields. Since the right-hand side 
is independent of the choice of the orthonormal frame (which can be easily checked by a direct 
calculation), the vector field is globally defined. Using Lemma IZTl we get for the divergence of 
this vector field that 

n-1 /n-1 \ 

j=i\i=i /j 

n-1 n-1 

= Y (pji^iCijiQih)] + (j) 'ipijCijiQih)]. 

i,j=l i,j=l 

Note that both summands on the right-hand side are independent of the choice of an orthonor- 
mal frame of vector fields (again this can easily be checked). The following lemma is now an 
immediate consequence of the divergence theorem on S""^, applied to the vector field V, and a 
subsequent approximation argument. 

Lemma 2.2. Let h,ip,4> € C^(S'^~^). Let Cij denote the entries of the matrix C\^Q{h)\ Then, for 
i e {1, . . . , n - 1}, we have 




Remark 2.3. The preceding lemma can also be derived by working with 1-homogeneous exten- 
sions to M" of functions on S""^, by establishing a fact analogous to Lemma I2J] in this setting, 
and by applying the divergence theorem to a spherical shell. 
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The following consequence of Remark |2!2l (i) and Lemma |2!2l in the case n - 3 will be needed 
subsequendy. Let C^(S^). Then we have 



2- f f{u)det{Q{<p,u))H'^{du) 



2 

f{u) Cij[Q{(l),u)]qij{4',u)'H'^{du) 

2 

f{u) Cij[Q(cf),u)](/)ij(u)n^(du) 



+ / ^ f{u)(t>{u){(t>n{u) + (/>22(n) + 2(t>{u))nHdu) 

2 

^(t){u) Cij[Q{(l),u)]fij{u)n'^{du) 

+ f 2/(n)0(u)2 + f{u)cl){u){ct>n{u) + Mu))n\du) 



Hufifniu) + /22(n) + 2/(u)] Ti^idu) 

r 2 

(t){u) Y Cij[Q{f,u)](l)ij{u)n'^{du). 



+ 



By another application of Lemma IZ21 we obtain the next lemma which will play a crucial role in 
the sequel. 

Lemma 2.3. Let f, e C'^{S'^). Then 
2- f f{u)A(it{Q{(t),u))n^{du) 

2 

= f Muftxiicc{Q{f,u))H\du)- f Y c^J[Q{f,u)]Uu)ct)J{u)n^{du). 

3. The 3-dimensional case 

In this section, we prove Theorem 13.11 which is the special case n = 3 of Theorem 11.11 This 
also establishes the initial step of the induction, which will be completed in Section ID 

Theorem 3.1. Let f eC{S^) and letT : IC^ be defined by 

J^(K)= f f{u)S2iK,du), K^K?. 

Assume that 

(5) T{{l-t)K^ + tKi)>mm{T{K^),HKi)}, 

for all Kq,Ki e /C^ and t e [0, 1]. Then f is the support fimction of a convex body L e K?. 
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3.1. Preparatory steps. The proof Theorem 13.11 will require some preparations. Part of this 
preparatory material is contained in the present subsection. In particular, we provide, for the 
reader's convenience, an outline of a proof for a simplified version of Theorem 13.11 under more 
restrictive assumptions on /. We also point out the technical problems that arise in removing the 
additional assumptions on / in order to cover the general case. These problems are then settled in 
Section 1331 while in Section [33] we complete the proof of Theorem 13. ll in its full generality. 

To begin with, we assume that T satisfies a Brunn-Minkowski inequality of the form (|2]l, 
namely 

(6) T{K) > , € /C^ 
and 

(7) ^((1 - t)i^o + ti^i)'/' > (1 - t)T{K^f>'' + tT{Kifl'' , JCo, i^i e /C^ t e [0, 1] . 

Let K € K.^ and let h be the support function of K. Let e C(S^) and assume that for some 
e > the function hg ■- h + s(j) is a. support function, for every s e [-e, e]. Let Kg be the convex 
body having hg as its support function. Hence the family of convex bodies {Kg ■ s e 
provides a perturbation of K - Kq. Let F : [-e, e] -> M+ be defined by F{s) ■- !F{Kg). 

Lemma 3.1. Under the above assumptions and notation, the function 

: [-e,e] ^M+, s^^/f{s), 

is concave. 

Proof. Let si, S2 e [-e, e] and A e [0, 1]. Then we have /i(i-a)si+As2 - (1 ~ + ^hg^, so that 
i^(i_A)si+As2 ~ (1 " ^)^si + AKsj. The conclusion now follows immediately from ([T]) and the 
definition of F. □ 

The following two remarks will be used in the sequel. Note that their validity is not restricted 
to the three-dimensional case. 

Remark 3.1. Assume that T satisfies ^ and dill and does not vanish identically. Then !F{L) > 
for all L e /C" of class C^. Indeed, since convex bodies of class are dense in /C" and T is 
continuous, there exists a convex body K of class such that T{K) > 0. As K and L are of 
class C^, a suitable rescaled copy of K is a summand of L (cf. ifTOl Cor. 3.2.10]), that is there 
exist A e (0, 1] and M ^ K."- such that L ^ XK + {1 - X)M. By © and © we immediately get 
T{L) > T{\K) = y'-^TiK) > 0. In particular, we have > 0. 

Remark 3.2. Let and / e C(S""^) be as in ©. Then 

J'(K)^ f h(u)Sn-i(K,du), K^IC, 

holds for a function h e C(S""^) if and only if / - /i is the restriction of a linear function to the 
unit sphere. 
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3.2. Outline of the proof of Theorem 13.11 in a simplified case. In this subsection we make 
several additional assumptions on the functional T (or rather, on /), and we outline the proof of 
Theorem II .ll in this special case. 
We assume: 

(i) regularity: / e C^(§^); 

(ii) symmetry: f is an even function, i.e. /(u) = f{-u) for every u e 

(iii) positivity: / > on S^. 

In particular, (iii) implies that !F{K) > for every convex body K with non-empty interior. 
Clearly, we also assume that the corresponding functional T satisfies inequality 

The support function of the unit ball B"^ is the constant function h = 1 on For a function 
ip e C^(§^) and s e M consider the function hg - 1 + sip- Let / denote the 2x2 identity matrix. 
Then, if |s| is sufficiently small, the matrix Q{hs,u) - I + sQ{ip, u) is positive definite for every 
u e S^. Hence there exists e > such that hs ^ & for every s e [-e,e]. Let Ks be the convex 
body having hg as its support function and define F{s) - T{Ks). According to Lemma [TTl \/F 
is concave. Since > and F is twice differentiable, we obtain that 

(8) 2F(0)F"(0) -(F'(0))2 <0. 
From (lH) we now conclude that 

F(s)= [ f{u)det{Q{hs,u))n'^{du)^ f f{u)det{I + sQ{ip,u))H'^{du). 

Differentiating with respect to s, at s = we get that 

F'(0)= f f{u)trace{Q{ip,u))'H^{du), F"(0) = 2 f f{u) det{Q{il;,u))'H^ (du) . 

Assume that ip is odd, that is ip{u) - -tp{-u) for u e S^. Then tT:ace{Q{ip, •)) is odd as well and, 
by (ii), it follows that F'{0) = 0. Hence, by (© and since J^(0) > 0, we get F"(0) < 0, i.e. 

(9) f f{u) det{Q{tp,u))'H'^{du) <0 

for every odd function ip € C^(S^). We now want to remove the assumption of being odd on 
the test function, at the price of reducing its support. Let p e C^(S^) be such that its support is 
contained in an open hemisphere £^ of S^, and define 



ip{u) = 



p>{u), iiu€£, 
-p(-u), ifu^S. 



Clearly, tp is well defined on and zero close to the boundary of £. Since ip is odd and 
det{Q{'p, •)) is even, we deduce from (O that 

(10) £j det{Q{cP))dn^ <0 

for any p € C^(S^) whose support is contained in an open hemisphere. Writing (cjj) for the 
matrix C[Q{f)], we now obtain from Lemma [231 that 

2 

(11) [ (p^ tTace(cii) dTi^ < [ Y a^pifp^ dTi^ , 
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for any such (p e C^(§^). This is a functional inequality of Poincare type on S^. It is rather 
intuitive that such an inequality can be valid for any as described above only if the matrix (qj ) 
is positive semi-definite throughout S^. This fact is demonstrated in Lemma [33] The idea of 
the proof is that if at some point uq e the matrix {cij) admits an eigenvector e with negative 
eigenvalue, we may construct a sequence of admissible test functions c/j^., /c e N, such that the 
L°°(S^)-norms of these functions converge to zero and their gradients tend to be parallel to e, of 
constant unit norm in a neighbourhood of uq and zero everywhere else. Choosing (j) - (jikin (fTTI) . 
and letting k tend to infinity, we get a contradiction. 

Once we know that (cjj) is positive semi-definite, the same is true for Q{f), and then / is a 
support function (see Corollary lA.il ). 

In the next subsection, and in the Appendix, we prove some results which permit us to adapt the 
above idea when the assumptions (i), (ii), (iii) are not imposed. In particular, to remove symmetry, 
in the preceding perturbation argument we replace the ball by a parametric "spherical cone" C. 
This allows us to cancel the term F'(0) in ([8]). Then, in order to prove (ITOl) . we need to know that 
F(0) = T{C) > for a suitable cone. A corresponding fact is provided in Lemma l34l Finally, 
the regularity assumption will be removed by a standard approximation procedure (described in 
the Appendix), which will enter at the level of (flOl ). 

3.3. Some technical lemmas. Let 6 e [0, 7r/2] and P e S^. We will denote by Ie{P) the set of 
points in with spherical distance to P less than or equal to 9. More explicitly, 

HP) - {QeS^ : (P,Q)>cos0} 
is a spherical cap of with angle of aperture 6 around P. Let C(P, 6) be the convex hull of {0} 
and Ig{P). Equivalently, if D is the cone D -.^ {tx : x € Ie{P) , t > 0}, then C{P,9) is the 
intersection of D with the unit ball centered at the origin. Clearly, C{P,9) degenerates for = 
into a segment with end-points P and {0}, and it coincides with a half ball for 6 - 7r/2. The area 
measure of C{P,6) is described in the next lemma. Recall that nor{K,x) is the set of exterior 
unit normals of the convex body Katx€ dK. 

Lemma 3.2. For P€§^ and9€ [0, tt/2), we have 

S2 (C(P, 9),.)- n\-) L Ie{P) + ^ n\-) L Te{P) , 

where 

Tg{P) {x 6 §2 : (^x, P) = - sin 9} 

and'H^{-)\-l0{P) and'H^{-)\-T0{P) denote the restrictions of the measures %^ and'h} to Ie{P) 
andVg^P), respectively. 

Proof. The case = is clear, hence assume that 9 e (0,7r/2). As the area measure commutes 
with rotations (see lITOl . p. 205), we may assume that P - (0, 0, 1). Hence 

C{P,9) = {(rsin6''cos(/?,rsin6''sin(/7,rcos6'') : < r < 1, < 6*' < 6*, < (/? < 27r} . 

Next we identify the two relevant portions of the boundary of C{P,9): the spherical cap Ai and 
the conical surface A2, 

Ai - { (sin 9' cos If, sin 9' sin ip, cos 9') : 0<9'<9,0<ip< 27r} , 

^2 - {^(sin 9 cos if, sin 9 sin ip, cos 9) : 0<r<l,0<99< 2-it} . 
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In particular, Ie{P) is the closure of Ai. Hence u ^2 E dC{P, 0) and 
(12) U''{dC{P,e)^{A^uA2))^Q. 

Note that dC{P, 6) is differentiable at each point of Ai u A2. For Q e yli u A2, let v{Q) be the 
outer unit normal to dC{P, B) at Q, i.e. nor(C(P, 9),Q) ^ {^^(Q)}- If Q ^ ^1, then u{Q) = Q. 
If Q = r(sin 9 cos f, sin 9 sin 93, cos 9) e y42, then 

i^{Q) - (cos cos if, cosBsmcp, - sin 6*) . 

Hence v{Ai u A2) = u re(P). By ([T2l ) and the definition of the area measure this proves that 
for every Borel subset uj of we have 82(0 {P, 9) , uj) = S2(C(P, 0), W1UW2), where ui - conAi 
and ^2 = w n re(P), and thus 

S2{C{P,9),oj) = S2{C{P,9),uiuu2)^S2{C{P,9),ui) + S2{C{P,9),uj2) 

= u\v-\uj^))+n\v-\u:2)) 

= 'H\u^)+n\v-\uj2)). 
Finally, it is not hard to check that 



n\u-\u:2))-'-^n\u2). 



□ 



Lemma 3.3. Let f e C'^{S'^), P € S'^ and 9 e (0,7r/2). If, for every e C°°(S2) with support 
contained in Ig(P), we have 

(13) f f{u)det{Q{(l),u))nHdu)<0, 
then Q{f, u) is positive semi-definite for every u e Ie{P)- 

Proof. By Remark [2!2] (ii) and due to a continuity argument, it is sufficient to show that C[Q{f, u)] 
is positive semi-definite for every u in the interior of Ie{P)- From the assumption (fT3] ) we deduce 
by means of Lemma 12. 3 1 that 

2 

(14) f 02trace(C[Q(/)]) < f ^ Ci, [Q(/)]</..0, d?^' . 

By a standard approximation argument this inequality can be extended to every function 0, with 
support contained in Ie{P), which is merely Lipschitz on (correspondingly, the first derivatives 
of (/) will be defined 'H^-a..e. on S^). 

For the sake of brevity, we define Cij{u) ■- Cij[Q{f,u)] for u e S^. By contradiction, let us 
assume that there exists some u in the interior of Ie{P) and a vector w = (wi, ^2) * such that 

2 

E Cij[Q{f,u)]viVj < 0. 

Without loss of generality (by a proper choice of the coordinate system), we may assume that 
u = (0, 0, 1) e §2 and v = (1, 0). Then 

2 

(15) ^ Cij{u)viVj = cii('u) < 0. 
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We identify H {x - (xi,X2,X3) e : 2:3 = 0} with and, for r e (0, 1), we set 
Dr ■■ = {(xi, X2) e : \xi\ < r , i = 1,2} , 

Dr : = {n = (^1,^2,^3) € : ti3 > 0, (ni,U2) « A} • 

Using (fT5] ). we will construct a function cj) which satisfies the assumptions of the present lemma, 
but such that inequality (fT4l) fails to be true. In order to obtain such a function, we first define 
g ■ [-1, 1] M+ by g{t) - 1 - \t\, and denote by : M ^ M+ the periodic extension of g to the 
whole real line. Let e > and define ge{x) - eg{x/e). Notice that g^ uniformly on R, as 
e 0^ . In the following, by writing e 0^ we mean that e runs through a decreasing sequence 
which converges to zero. Let G : M ^ R be defined by 

r 1, for t e [-1/2, 1/2] , 

, for |t| > 1 , 



G{t) 



1 - 2|t| , otherwise . 



Hence G is bounded and Lipschitz. Let us fix r e (0, 1). The function 

^e{xi,X2) = ge{xi)G{xi/r)G{x2lr) , (xi,X2) 6 Dr , 
satisfies sprt(^>e) 9 Dr and is Lipschitz on Dr- We have 

^(xi,X2) = -geixi)G'{x2/r)G{xi/r) for "H^.^e, (xi,X2) e Dr. 
0x2 r 

As G < 1, \G'\ < 2 and \g,\ < e in M, 



dx2 



2e o 
< — , Ti^-di.e. in Dr , 



and then 
(16) 



lim 



>o+ dx2 



0, ?{^-a.e. in 1?^. 



On the other hand, for T-L^-a.e. (xi , X2) e -Dr we have 

^^^(xi,X2) = -ge{xi)G'{xi/r)G{x2/r) + g'^{xi)G{xi/r)G{x2/r) 
0x1 r 

As \g[\ = 1 holds V}-di.&. in M, it follows that 



(17) 



lim 



dxi 



{XI,X2) 



= G(xi/r)G(x2/r) for?^^-a.e. (xi,X2)eI?r. 



In particular, the above limit equals 1, T-L^-a.^. in Dr/2- Moreover, there exists a constant C 
independent of e such that 

'^'^^^ ''<G for "H^-a.e. (xi,X2) e -Dr • 



-(3^11^2) 



dxi 

Next, consider the function 

(j)e{u) = (j)e{ui,U2,U3) := ^>£(ui,li2) , U € Dr , 

and extend i;^)^ to be zero in the rest of the unit sphere S^. As u is in the interior of Ie{P), if f is 
sufficiently small, then the support of is contained in /^(P). In the sequel, foru = (^1,^2,^3) e 
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Dj. we set u' - {ui,U2) e Dr, i.e., u - {u',u-i). We may choose r small enough so that there 
exists a local orthonormal frame on Dr- Taking covariant derivatives with respect to this frame, 
by (fT4l) we have 

2 

(18) f 4>'tTs.ce{C[Q{mdn^< [ c^,[Q{f)]{ct>M^e)jdn\ 

Since converges to zero uniformly as e 0^, the same is valid for (p^. Hence, taking limits on 
both sides of (fTSl) . we get 

2 

c 



r 2 

(19) < liminf / , {'PeU'Pe)j dH 



The covariant derivatives of 0^ can be computed in terms of partial derivatives of with respect 
to Cartesian coordinates on Dr- In particular, for u e Z),. there exists a 2 x 2 matrix (7ij(n))^^^^ 
with 7jj e C°°{Dr), for i,j - 1,2, such that 

{(t>e)i{u) = y lik{u)—-^{u') for n^-a-e. u € Dr . 
fetl duk 



We may assume that the local orthonormal frame has been chosen so that i'yij{u))i j^i is the 
identity matrix. Then, for T-L^-a.e. u e Dj. 



Y Cij{u){(t>e)i{u){(l)^)j{u) ^ Y E (^ij(.'^)lik{u)-fjl{u)—^{u')—^{u). 

i,j=l i,j=lk,l=l ^'^k OUi 

This expression is bounded, in absolute value, by the boundedness of the partial derivatives of $£. 
Moreover, by ( [T6l ) and dTTl) . for ^^-a.e. u € Dr v/e have 

2 2 

lim ^ Qj(n)((/)e)i('u.)(0e)j(u) = G^(ui/r)G^(n2/r) ^ Cij(u)7ii(u)7ji(u) . 
Note that 

2 

^ Cij{u)-fil{u)^jl{u) ^ cu{u) <0. 

jj=l 

Consequently, we may choose r sufficiently small so that 

2 

^ Cij(n)7ii(n)7ji('u,) < c < 0, u € Dr . 
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Then 



li™ L S cij{4>,)i{4>e)j dn^ 

= f G\uilr)G\u2lr) ^ Q,(^x)7ii(n)7,i(n) T^^^^^) 

= r G2(ni/r)G2(n2/r) ^ Ci,{u)^ii{u)^,i{u)n\du) 
<c-^ G2('Ui/r)G2('U2/r)?^^(dn) <0. 



This is in contradiction with ( [T9l ). □ 

Lemma 3.4. Assume that T is not identically zero and satisfies ^ and dZ]). Then, for every P e 
there exists some ^e(0,7r/2)5o f/iaf 

J^{C{P,e))>0. 

Proof. We argue by contradiction. Assume that there exists some P e such that for all 6 e 
(0,7r/2), wehavejr(C(P,^)) -0. 

Let us fix 6, for the moment, and denote by K the set C(P, 6) and by h its support function. 
Then h = 1 in /^(P). Let € C°°(S^) with support contained in the interior of /^(P). By 
Proposition lA.ll there exists some e > such that hs - h + scj) is a support function for every 
s € [-e,e]. Let Ks denote the convex body whose support function is hs and F{s) - !F{Ks). 
Then P(0) = ^{K) - and ^ yields that F has a minimum at s = 0. Thus, if the derivatives of 
F exist, then 

P'(0) = and P"(0) > 0. 

By Lemma [T2I (HJl, the fact that the support of (p is contained in Ie{P) and since area measures 
are locally determined we obtain: 

(20) F{s)^ f fdet{Qih.))dn' + ^-^ Lm^^^'- 

From (I20I ) we see that F is indeed twice differentiable. Moreover, the second term is independent 
of s. Using the definition of the cofactor matrix, it thus follows that 

(21) F'{s) = f^jt Cij [Q{hs)]q^J{ct>)dn\ 

Since /i = 1 in /g(P), the cofactor matrix of Q{h,u) is the identity matrix, for every u e Ie{P)- 
This implies that 

(22) F\0)^ f /trace(Q((/.))d?^2 = 0. 

Differentiating (|2TI ). we obtain for the second derivative of P at s = the expression 

(23) F"{0)^2 f fdet{Q{(j)))dn'^. 
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Now we use the regularization argument described in the Appendix. Let {fk)keN be the se- 
quence of functions inC°°(S2), converging uniformly to / on S^, which is constructed in Lemma 
lA.ll Let C c be a compact set contained in the interior of Ie{P), and let i/j e C°°(S^) be such 
that its support is contained in C. Let g{u) - tTa.ce{Q{ip{u)). It is clear that sprt((7) £ C. Then 

(24) = L^.'^kip) f f{pu)g{u)n\du)v{dp) 

where id is the identity element of 0(2) and 5k - p- (see the definition of ujk in the Appendix). 
Fix A; e N and p e 0(2) such that ||p - id|| < 5k, and let ifjp be defined by iljp{u) - ijj{p^^{u)) for 
u e S^. Then, by the rotation invariance of spherical Lebesgue measure and Lemma IAT3] we get 

f f{pu)g{u)n\du) = £ /(n)trace(Q(Vp,n)) n\du) . 

For sufficiently large k (this depends on the choice of the set C, of course), the support of t/jp is 
contained in Ig{P), hence we may apply (|22l) with 4> -ipp and get 

[ f (u) trace {Qiijp, u)) n^idu) ^0. 

Thus, using ((24l) . we arrive at 

f /fe(u)trace {Q{ip, u)) ■H^{du) = 

for every ■0 ^ C°°(§^) with sprt('i/') £ C, and for sufficiently large k. As fk is smooth we get, 
using integration by parts (that is, a special case of Lemma IZ21 ). 

(25) [ fk{u) trace {Q{tlj,u))H'^{du)^ f 'ip{u)trace{Q{fk,u))n'^(du) ^ . 

From (l25l ) (and the regularity of fk) it follows that 

(26) trace(Q(/fc,ti)) = 0, 

for all n e C and all sufficiently large A; e N. 

Performing the same argument now with g - det{Q{tp)), and using Lemma IA3] again. (1231) 
and F"(0) > 0, it follows that 

ffk{u)det{Q{iP,u))n\du)>0, 

for every ip € C°°(S^) such that sprt(V') £ C, and for all sufficiently large k. In particular, for 
any fixed 6' e (0, 9), we may choose C - l0i{P). For this choice of C we now apply Lemma [331 
to - fk and conclude that Q{-fk, u) is positive semi-definite for all u e Iq'{P), if k is sufficiently 
large. But then (l26l ) with replaced by -/^ implies that Q{-fk) - ^ - Q{fk) in h'{P)- Now 
Corollary IA.2I shows that fk is the restriction of a linear function to Ie'{P) if ^ is large enough. 
Letting k tend to infinity, we obtain that the same conclusion holds for / and, as 9 was arbitrary. 
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we finally conclude that / is linear on the hemisphere It^i2{P)- According to Remark [X2l we may 
assume that / = in I^/2{P)- Then, (EOjl and F(0) = yield 



fdn^^O, 0e(O,7r/2). 
A suitable decomposition of spherical Lebesgue measure now implies that 

On the other hand, for the unit ball we have 

in contradiction to Remark [3TT] □ 

Proposition 3.1. Assume that T is not identically zero and satisfies ^ and (O. Then, for each 
point P e there is some 9 e (0, 7r/2) such that, for all (j) e C^(§^) with support contained in the 
interior oflg^P), we have 



'2-0, 



f f{u) det {Q{<p, u)) n^idu) < 0. 



Proof Let P e §^ he given. Let P be the antipodal point of P, and let 9 e (0,7r/2) be such that 
T{C{P ,9)) > 0. By Lemma the existence of 9 is ensured. Now we define 9 ^ - 9 and 
Q := Ie{P)- Let h denote the support function of C(P, 9). Clearly, /i e in We now consider 
(j) € C2(S2) with support contained in the interior of Ie{P)- 
Let 77 > and define the convex body K^j by 

C(P,9)+r]B^ . 

Let be the support function of K^^. Then, for n e fi, 

hrj{u) - h{u) + rjhffA (u) - r] . 

Moreover, the assumptions of Proposition |A. 11 are fulfilled by /i^ and (j), hence there exists some 
e > (which may depend on r] as well) such that for every s e [-e, e] the function hg + s(p is 
the support function of a convex body Kg- Let F : [-e, e] -s- M be defined by F{s) - T{Ks)- 
By the construction of Ks and Q, we obtain that 

Pis) = ffiu)S2{Ks,du) 

= f f{u) det{ril + sQ{^,u))n^du) + f f{u)S2{K^,du), 

where / denotes the identity matrix in 82- Here we used that the support of (p is contained in Q 
and area measures are locally determined. Note that the second integral does not depend on s. As 

det(7// + sQ{(j), u)) - rf + srjixa.ce{Q{(j), u)) + det((5((/>, u)) , 

we get 

(27) F'(0) ^T] f{u) trace(Q((/), u))n^{du) 
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and 

(28) F"(0) = 2 f^f{u) det(Q(0,u)) V.'^idu). 

Moreover, since K^j tends to C(P, 6) in the Hausdorff distance as 0* and T is continuous, 

(29) F(0) =:^(K^) ^ J^(C(Pj)) >0 asr/^0+. 

In particular, we thus see that F is twice differentiable and F(0) > if ?] > is sufficiently small. 
By Lemma |3?T] we know that \/F is concave, and therefore 

(30) 2F{0)F"{0) - (F'(0))^ < . 

Now the assertion follows by plugging (|27]), (l28]l and (l29]l into and letting ?] □ 

The proof of the following result is implicit in the argument for Lemma 13.41 and thus is based 
on the regularization argument contained in Lemma IaTT] 

Lemma 3.5. Let f e C(S^), let P e and 9 e (0, 7r/2). Assume that 

(31) [ f{u) det {Q{^,u)) n^du) <0 

holds for all (j) e C^(S^) with support contained in Ig{P). Let 9' e (0,^). Then there exists a 
sequence of functions {fk)keN in C°°{S^), which converges uniformly to f on S^, such that for all 
e N, f liil) holds with f replaced by fk and for all (p e C^(S^) with support contained in Iq'{P). 

3.4. Proof of Theorem 13. 1[ Let the assumptions of Theorem l3.1l be fulfilled. Our aim is to prove 
that for each P e there is some 0e(O,7r/2) such that for all e C^(S^) with support contained 
Ie{P) the inequality (|3TI ) holds. This will prove Theorem 13. II Indeed, if this is established and 
P 6 is given, let 9 be chosen correspondingly. By Lemma [331 there is a sequence of functions 
{fk)keN in C°°(§^), which converges uniformly to / on S^, such that for all /c € N, (|3TI ) holds with 
/ replaced by and for all cf) e C^(S^) with support contained in l0i{P), where (say) 9' :- 9/2. 
But then Lemma l33] implies that Q{fk, u) is positive semi-definite for all u e Ib'{P) and all /c e N. 

By Corollary lA.il this shows that the 1 -homogeneous extension of is convex in the interior 
of the cone spanned by Igt{P), for every k. The same must then be true for the 1 -homogeneous 
extension of /. In particular, we thus conclude that the 1-homogeneous extension of / is locally 
convex on \ {o}, by a classical result due to Tietze (cf. [10, Notes for §1.3. ,(2)]). But this easily 
yields the convexity of the 1-homogeneous extension of /, and thus / is the support function of a 
convex body. 

Case 1: T >0 on convex bodies of class C^. We further divide the treatment of this case into two 
subcases. Assume first that there exists a convex body K €}C^ of class such that T{K) = 0. 
Let h be the support function of K and let e C^(S^). According to Proposition I A. 1 1 there exists 
some e > such that the function hs{u) - h + s(j){u) is the support function of a convex body 
Kg of class C^, for every s e [-e, e]. Let F be defined on [-e,e] by F{s) - T{Ks). Then, in 
particular, F is twice differentiable and F has a minimum at s = 0, so that P'(0) - 0. Moreover, 
by dH), there exists a sequence (sfc)^^^, converging to 0, such that F{sk) - for every /c e N. 
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Indeed, if on the contrary F{s) > for every s e [-6, 6] \ {0}, for some 6 e (0, e], then 

> mm{T{K_s),HK5)} - ni^n{F{-6),F{6)} > , 
which is a contradiction. Then (as F'{0) - 0) 

f "(0) = 2 lim ^Ifl^ = 2 lim Eim^ = . 

s-^O S k^oo s 

On the other hand, by (01) we have 

F(s)= f f{u)det{Q{h,u) + sQ{(l),u))'H^{du) , 
whence, differentiating twice, we conclude that 

= F"(0)-2 f f{u)det{Q{(l),u))H'^{du), 

i.e. (|3TI ) follows with equality for any (p e C^(S^). (In fact, this implies that / is linear, and thus 
the support function of a point.) 

Assume now that ^(K) > for every K e /C^ of class . In this case we aim to prove that 
the Brunn-Minkowski type inequality ^ implies the stronger inequality Q. Then, according to 
Proposition 13. 1[ we have (|3T]) in the form required. It is sufficient to prove ([7]) when the involved 
bodies are of class C^; the general case follows, since convex bodies of class are dense in /C^ 
and T is continuous. Let Kq,Ki e K? be of class C| and let t e [0, 1]; moreover, define 

^°^7(^^°' ^^^7(^^^' 

and 



t = 



(l-t)J^(Ko)i/2 + tjr(K^)i/2 • 

If we apply inequality ^ to Kq, Ki and i, we get inequality Q for Kq, Ki and t. 

Case 2: there exists some K of class Cl such that T{K) < 0. As above, let h be the support 
function of K and let cf) e C^(S^); there exists some e > such that the function hs{u) - h + s(j){u) 
is the support function of a convex body Ks for every s e [-e,e]. Let F be defined in [-e, e] 
by F{s) - T{Ks). As -F(O) < 0, we may assume that F{s) < for every s e [-e, e]. Let 
So, si £ [-e, e] and t e [0, 1], and define Kq - Ksq and Ki - Kgj ; moreover, setting 

and 



we get, from dS), that 



- t)Ko + tKi) < (1 - tW-T{Ko) + t^-HKi) . 
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Hence, \/-F is convex and therefore also -F is convex in [-e, e], so that F"(0) < 0. On the other 
hand, as above we have 

F"(0) = 2 r f{u) det(Q(<^, u))'H\du) , 
and therefore, in this remaining case, we have proved (OTI ) for an arbitrary function (/> e C^(S^). 

4. Proof of Theorem 11.11 

The theorem will be proved by induction over the dimension n. The proof in the case n - 3 has 
already been given in Section [3] 

For the induction step, we assume that the result has already been proved in R" for some n>3. 
Let / : S" c M"^^ -> M be a continuous function such that the associated functional !F defined as 
in (dJ satisfies 

Clearly, / is the support function of a convex body if for any hyperplane H c M"^^ passing 
through the origin the restriction of f to H is the support function of a convex body. Let H be 
such a hyperplane, and let e e S" be orthogonal to H. For a convex body K c H and A > 0, we 
define 

Z{K,X) :^K + {se:0<s<X}. 

Thus Z{K, A) is an orthogonal cylinder with bases K and K+Xe and of height A. For Kq, Ki c H, 
A > and t e [0, 1], it is easy to check that 

Z((l - t)KQ + tKi, A) = (1 - t)Z{KQ, X) + tZ{Ki,X) . 

Subsequently, we denote by da the Dirac measure with unit point mass at a € M"+^. Further, 
for a convex body K c H, we denote by S^_i{K, •) the area measure of K with respect to H as 
ambient space. Using this notation, we now describe a suitable decomposition of the area measure 
of Z{K,X). 

Lemma 4.1. Let K c H be a convex body and A > 0. Then 

(32) Sn{Z{K, A), •) = Vr{K) ■ + Vr{K) ■ 5e(-) + A • ^ti{K, ■ n H) . 

Proof. Let K° be the relative interior and dr-K the relative boundary of K with respect to H. 
The disjoint union of K°, K° + Xe and the lateral surface drK + {se : < s < A} =: covers 
dZ{K, A) up to a set of measure zero. For x e K° we have nor{Z{K, X),x) - {-e}, and for 
X 6 + Ae we have noT{Z{K, X),x) - {e}. If x e Sl, then nor{Z{K, X),x) - nor^ {K,x'), 
where x' is the orthogonal projection of x to and noT^{K,x') denotes the set of exterior unit 
normal vectors of K at x' with respect to H as ambient space. According to the definition of area 
measures, this description of the normal cones easily leads to (l32l ). □ 

We now turn to the induction step. Let / fin and S'^^ S" n H. Let K c H he a convex 
body and A > 0. The preceding lemma yields that 

f fiu)SniZiK,X),du)^[fie) + fi-e)]'H''iK) + X f /» Sf_i(K, dn). 
For arbitrary convex bodies Kq,Ki c H, X> and t e [0, 1] we thus obtain 
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:F{{l-t)Z{Ko,X) + tZ{Ku\))=HZ{{l-t)Ko + m,X)) 
= - t)Ko + m) ■ [/(e) + /(-e)] 

+ A- f^J{u)Sti{{l-t)Ko + m,du) 
> min {HZiKo, A)), J^(Z(iCi , A))} 

= min|7{"(ifo)-[/(e) + /(-e)] + A- f f{u)Sl,{Ko,du), 

n%K^) ■ [/(e) + /(-e)] + A • £ ^ /(u) S^_i(Ki, ci«)| . 

If we divide by A and let A -> oo, we deduce that 

f J{u)S^_^{{l-t)Ko + tK^,du) 

Since Kq, Ki c H can be chosen arbitrarily, the inductive hypothesis can be applied to the func- 
tional defined on convex bodies contained in H, generated by the function /, and this yields that 
/ is convex in S^"^. 

Appendix A. 

A. 1. Mollification. We recall a standard method to approximate continuous functions on the unit 

sphere by smooth functions. 

Let V' : M ^ [0, oo) be a function of class C°° with sprt(V') £ [-1, 1] and ipiO) > 0. Then, for 
A; e N, we define Uk ■ 0(n) [0, oo) by 

^kip) ■= Ck-i'ik'^ ■ Wp-idf), 

where 0(n) is the group of rotations of M."^, endowed with the Haar probabihty measure u, "id" 
is the identity element in 0(n) and is chosen such that 

/ , ^^k{p)^{dp) = 1. 

Join) 

As a composition of C°° maps, ojk is of class C°°. The following lemma is standard. 
Lemma A.l. Let f & C(S"~^). Then, for k^N, the function fk ■■ S""^ ^ M defined by 

fk{u):= I J{pu)uk{p)v{dp), tieS""^ 
JO(n) 

is of class C°°(S"~^), and the sequence {fk)km converges to f uniformly on 
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A. 2. Covariant and Euclidean derivatives. Let Q be an open subset of Then the cone 

generated by the spherical set O, is defined by ft {tx : x € fl , t > 0}. For h e C^(il), the 
1 -homogeneous extension H of his 

H{x) - \\x\\h^Y-jj , x^Cl; 

in particular, we have H e C^{fl). The next lemma allows us to express, for u e S""^, the 
eigenvalues of Q{h,u) in terms of the eigenvalues of the Hessian matrix D^H{u) of H in M". 
The (n - 1) X (n - 1) matrix Q{h, u) involves second covariant derivatives with respect to a local 
orthonormal frame of vector fields on S""^. As remarked earlier, the eigenvalues of Q{h, u) are 
independent of the choice of such a frame. On the other hand, the Hessian matrix D^H{u) is an 
nxn matrix whose entries are the (Euclidean) second partial derivatives didjH{u), i,j-l,...,n, 
of H at u, determined with respect to a fixed orthonormal system ei, . . . , e„ of M". Although the 
Hessian matrix depends on the choice of this basis, the n eigenvalues of D^H{u) are independent 
of such a choice. A discussion related to the following lemma is contained in 1,10. §2.5, Lemma 
2.5.1] and 111 §3]. 

Lemma A.2. Let uq e S""^. Ai, . . . , A„-i are the eigenvalues of the matrix Q{h, uq), then the 
eigenvalues of the matrix D^H{uo) are given by Xi,. . . , A„_i, 0. 

Proof. We choose a coordinate system such that uq - (0, . . . , 0, 1). Our first observation is that, 
by homogeneity, uq is an eigenvector of D'^H{uq), with corresponding eigenvalue 0. Hence it 
will be sufficient to prove that 

didjH{uo) ^ hij{uo) + h{uo)6ij , j = 1, . . . ,n - 1 . 

On the left-hand side, we consider the (Euclidean) second partial derivatives with respect to an 
orthonormal basis ei,...,en with e„ - uq, on the right-hand side, we consider the covariant 
derivatives with respect to a local orthonormal frame which equals {ei , . . . , Cn-i} at uq. We will 
write a point x e M" in the form x - {x' ,y) with x' e R""^ and y e M. Clearly, in this notation 
denotes the norm in M"""^. Let 

L» = {x'6M""^ : llx'll <!}, 

and define the function 

h:D^R, h{x') = /i(x',a/1- ||x'P). 

The second covariant derivatives of h at uq can be computed through the (Euclidean) second partial 
derivatives of h at o, that is 

(33) hij{uo) ^ didjh{o) , i,j = 1, . . . ,n - 1 , 

since we are using normal coordinates at u. On the other hand, by the definition of H we have 
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Hence, for i, j = 1, . . . , n - 1, 



^2 / r ^nrc./ X' 



'II 2 



dx'.dx'. \y 

The proof is completed by an explicit computation of the derivative on the right hand-side of the 
last equality, and by using (|33] ). □ 



The next two results follow from Lemma IA!21 and the homogeneity of H. 

Corollary A.l. In the notation of Lemma IA.2I assume moreover that 17 is convex. Then H is 
convex in if and only if the matrix Q{h,u) is positive semi-definite for every n e $7. 

Corollary A.2. In the notation of Lemma \A.2\ assume moreover that is connected. If the matrix 
Q{h, u) is the zero matrix for every u € Q, then H is linear on O. 

The following result allows us to build a family of perturbations of a convex body having a 
portion of the boundary of class with positive Gauss curvature. 

Proposition A.l. Let K e /C" and let h be its support function. Assume that there exists an open 
subset Vt ofW^ such that h e C'^{Vt) and Q{h,u) > for every u € Q. Let (j) e C'^{E"-'^) 
and assume that the support of (f) is contained in il.. Then there exists some e > such that the 
function hg h + scf) is the support function of a convex body, for every s e [-e, e]- In particular, if 
Vl - S""^, then hg is the support function of a convex body of class if e > is sufficiently small. 

Proof. Let D be the support of (j), hence D is a compact subset of Q. As Q{h,u) > for every 
n e Z), by compactness there exists 7 > such that Q(h,u) > 7/n-i, where In-i is the identity 
matrix in Sn-i- Hence there exists e > such that Q{hs,u) > for every u in D, and consequently 
in Q, and for every s € [-e, e]. 

Let H and Hs be the 1 -homogeneous extensions of h and hg respectively. We know that H is 
convex and we want to prove that Hs is convex as well, for s e [-e, e]. Let x e R", x ^ 0, and 
let u - Assume that u e 17 and let U he a. neighborhood of u contained in $7 so that U is 
convex. Then hs e C^{U) and, by the previous part of the proof, Q{hs,u) > for every u e U. 
Consequently, by Corollary lA.il Hs is convex in U and in particular it is convex in a neighborhood 
of X. Assume now that u ^Q; then there exists a neighborhood lAoiu contained in S""^ \ D. Then 
hg = hinU and consequently Hs - H in U. This proves that Hs is convex in a neighborhood of x. 
Thus we have shown that Hg is locally convex in M" ^ {o}, and by a classical result due to Tietze, 
applied to the epigraph of Hg, this yields that Hs is convex in every convex subset of \ {o}; 
from this, the convexity in M" is easily obtained. □ 

Let / e C'^{A), where A is an open subset of M" and let p € 0(n). We denote by fp the 
function defined on p{A) as the composition of / and p, that is 

fp:p{A)^^, fp{x)^f{p-\x)). 

Obviously, fp e C'^{p{A)). The chain rule and elementary linear algebra show that D'^fp{x) and 
D'^ f{p^^{x)) are described by similar (symmetric) matrices with respect to a fixed orthonormal 
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basis, and hence they have the same real eigenvalues at x e p{A). Therefore, in particular, we 
have 

trace(Z)2/p)(x) = treice{D^ f){p-^{x)) , x € p{A) , 

and 

det{D^fp{x)) = det{D^f{p-\x))) , x e p{A) . 

The following result provides similar relations for functions on the sphere. Let Q be an open 
subset of S""^, let t/j e C^{Q), and, for p e 0(n), denote by i/jp the function defined on /o(0) by 

i;p:p{n)^R, i;p{x)^i;{p-Hx)). 

Lemma A.3. Using the preceding notation, we have 

(34) trace(Q('0p, x)) = trace(Q(V', p ""^(a;))) , x e ; 

(35) det(Q(V'p,x) = det(g(V',p"^(x))), x e p(0) . 

Proof. Let O be the cone generated by Q., and let be the 1-homogeneous extension of ip to (l. 
Clearly, - \I'op"^ is equal to the 1-homogeneous extension of ijjp. Let 0, ri , . . . , r„_i denote the 
common eigenvalues of D^'^ p{x) and Z)^^'(/9"^(x)), where x e /3(ri). By Lemma lAT2l applied 
to p as the 1-homogeneous extension of ifjp at x, it follows that Q{ipp,x) has the eigenvalues 
ri, . . . ,r„_i. In the same way Lemma lA!2l applied to as the 1-homogeneous extension of ip 
at p"^(x), shows that Q{ip,p'^{x)) has the eigenvalues ri, . . . ,rn-i- Now (l34l) and (1351) follow 
immediately. □ 
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